ON VASSILIEV INVARIANTS OF BRAID GROUPS OF THE SPHERE 



N. KAABI AND V. V. VERSHININ 

Abstract. We construct a universal Vassiliev invariant for braid groups of the sphere and the 
mapping class groups of the sphere with n punctures. The case of a sphere is different from the 
classical braid groups or braids of oriented surfaces of genus strictly greater than zero, since 
. Vassiliev invariants in a group without 2-torsion do not distinguish elements of braid group of 



a sphere. 
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X Q\ 1. Introduction 

en; 

The theory of Vassiliev (or finite type) invariants starts with the works of V. A. Vasiliev 
[2"5"| |2"B] though the ideas which lie in the foundations of this theory can be found in the work 
of M. Gousarov H3]. The basic idea is classical in Mathematics: to introduce a filtration 

>'■ 

X 

features. A lot of progress had been done during the last couple of decades in the theory of 
Vassiliev invariants of knots, the basic object of the study. Also similar constructions were done 



in a complicated fundamental object such that the corresponding associated graded object is 
simpler and sometimes possible to describe. The construction of spectral sequences have similar 



for braids. In 1996 T. Stanford [21] established a relation between Vassiliev invariants and the 
lower central series of the pure braid group. Later S. Papadima [22] constructed a universal 
Vassiliev invariant ("Kontsevich integral") over Z for classical braids. A similar construction 
was done by J. Mostovoy and S. Willerton [21]. For braids on oriented closed surfaces of genus 
g > 1 this was done by J. Gonzales-Meneses and L. Paris [12J. This universal Vassiliev invariant 
is not multiplicative. It was shown by Bellingeri and Funar [2] a multiplicative universal 
invariant does not exist in the case of positive genus (g > 1). In the present work we consider the 
case of the sphere S 2 . This case is interesting because the braid groups on the sphere contains 
torsion and Vassiliev invariants in rational numbers do not give a complete set of invariants. 
Namely M. Eisermann [51 E] gave the example of a two different elements in B n (S 2 ) which are 
not distinguished by Vassiliev invariants in rational numbers. Our universal invariant is not 
multiplicative. Usually multiplicative universal Vassiliev invariant is constructed over rational 
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numbers, which is not good for the sphere, but on the other hand there is no interdiction of 
existence of such an invariant over the integers. 

We also study the mapping class group of the sphere with n punctures, this group is closely 
connected with the braid group (on n-strands) of the sphere. From algebraic point of view the 
mapping class group of the sphere with n punctures is obtained from the braid group of the 
sphere if we add one more relation ( I2.6P to the presentation of the braid group of the sphere. It 
turns out that for these two types of groups as for the braid groups examined before the study 
of Vassiliev invariants, topological by their nature reduces to purely algebraic constructions and 
facts. 

The authors are thankful to Paolo Bellingeri for valuable remarks. 

This work was finished during the visit of the second author to the IHES, so he would like 
to express his great appreciation to the administration of the Institute for the invitation and 
the excellent conditions of work. 

2. Braid groups of the sphere and the mapping class groups of the sphere 

WITH n PUNCTURES 

Let M be a topological space and let M n be the n-fold Cartesian product of M. The n-th 
ordered configuration space F(M,n) is defined by 

F(M, n) = {(a*, . . . , x n ) e M n | x 3 for i ^ j} 

with subspace topology of M n . The symmetric group S n acts on F(M,n) by permuting coor- 
dinates. The orbit space 

B(M,n) = F(M,n)/E n 

is called the n-th unordered configuration space or simply n-th configuration space. The braid 
group B n (M) is defined to be the fundamental group 7Ti(B(M, n)). The pure braid group P n (M) 
is defined to be the fundamental group iti(F(M, n). From the covering F(M, n) — > F(M, n) /£„, 
we get a short exact sequence of groups 

(2.1) {1} P n (M) -> B n (M) -> S n -> {1}. 

We will use later the following classical Fadell-Neuwirth Theorem. 

Theorem 2.1. [7\ For n > m the coordinate projection (forgetting of n — m coordinates) 

8™ : F(M, n) -> F(M, m), (a*, . . . , x n ) ^ (x 1; . . . , x m ) 

is a fiber bundle with fiber F(M \ Q m , n — m), where Q m is a set of m distinct points in M . 

In this work we consider the case M = S 2 and classical braids which are braids of the disc: 
M = D 2 . 

Usually the braid group of the disc Br n = B n (D 2 ) is given by the following Artin presentation 
PQ. It has the generators <jj, % — 1, ...,n — 1, and two types of relations: 



(2.2) 



OiOj = o-jO-i, if \i - j\ > 1, 
o~iO~i + iai = a i+io \o \+\ . 



The generators ajj, 1 < i < j < n of the pure braid group P n (of a disc) can be described as 
elements of the braid group Br n by the formula: 

a M = o- j ^ 1 ...o- i+ ia 2 a^ L 1 ...aj} 1 . 
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The defining relations among a,j, which are called the Burau relations (|4J, [20J ) are as follows: 



(2.3) 



OijOfc.i = a>k,ia>i,j fori<j<k<l and i < k < I < j, 

0'i,jO'i,k a j,k = a i,kO'j,k a i,j for 1 < j < K, 
0'i,k a j ) kO'i,j — a 'j,kO'i,jO'i,k fo r i < j < k, 

^ k a jtk ajja~l = a^ h a^iaj^a ith for i < j < k < I. 



It was proved by O. Zariski [28] and then rediscovered by E. Fadell and J. Van Buskirk 
[8] that a presentation of the braid group on a 2-sphere can be given with the generators o~i, 
i=l, ...,n — 1, the same as for the classical braid group, satisfying the braid relations (12.21) 
and the following sphere relation: 

(2.4) X 2 . . . (7„_ 2 0'n-l cr n-2 • • • C 2 0i = 1- 

Let A be the Garside's fundamental element in the braid group Br n [9]. It can be expressed 
in particular by the following word in canonical generators: 

A = 0i . . . CTn-lfXi . . .a n -2 ■■ .0-10201. 

If we use Garside's notation U t = <j\ . . . cr t , 1 < t < n — 1, then A = Il n _ 1 . . . Ill . 

For the pure braid group on a 2-sphere let us introduce the elements a^j for all i,j by the 
formulas: 



(2.5) 



a>j,t = a>i,j for % < j < n, 



The pure braid group on a 2-sphere has the generators a it j which satisfy the Burau relations 
(12.31) . the relations (I2.5p . and the following relations [10J: 

a i)i+1 a i)i+2 . . . a iii+n _i = 1 for all % < n, 

with the convention that indices are considered mod n: k + n = k. Note that A 2 is a pure 
braid and can be expressed by the following formula 

A 2 = (^1,2^1,3 . . . ai,n)( ( 3'2,3 a -2,4 • • ■ 0>2,n) ■ ■ ■ ( a n-l,n) = 

(01,2) (01,302,3) (^1,402,403,4) • • • (01 

This element of the braid group generates its center. 

Another object of our study is the mapping class groups of the sphere with n punctures. The 
(general) mapping class group is an important object in Topology, Complex Analysis, Algebraic 
Geometry and other domains. It is a rare situation when the method of Algebraic Topology 
works perfectly well: the application of the functor of fundamental group completely solves 
the topological problem: group of isotopy classes of homeomorphisms is described in terms of 
automorphisms of the fundamental group of the corresponding surface, as the Dehn-Nilsen-Baer 
theorem states (see [15], for example). 

Let Sgfon be an oriented surface of genus g with b boundary components and we remind 
that Q n denotes a set of n punctures (marked points) in the surface. Consider the group 
Homeo(Sg^,n) of orientation preserving self-homeomorphisms of Sg^n which fix pointwise the 
boundary (if b > 0) and map the set Q n into itself. 

Let Homeo°(S' 9i b in ) be the normal subgroup of self-homeomorphisms of Sg^n which are iso- 
topic to identity. Then the mapping class group M ff) & jTl is defined as a quotient group 
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Mg ib>n = Homeo(S' Si 6 in )/Homeo (S g ^ n ). 

These groups are closely connected with braid groups. W. Magnus in [18] interpreted the 
n-braid group as the mapping class group of an n-punctured disc with the fixed boundary: 

Br n = M ,i,n. 

Like braid groups the groups M g ^ n has a natural epimorphism to the symmetric group S n with 
the kernel called the pure mapping class group PM g ^ n , so there exists an exact sequence: 

1 -> PM gAn -> M gAn ->■ E n ->• 1. 

Geometrically the pure mapping class group PM gi b, n consists of isotopy classes of homeomor- 
phisms that preserve the punctures pointwise. 

In the present work we consider the pure mapping class group PM 0i o,n of a punctured 2- 
sphere (so the genus is equal to 0) with no boundary components that we simply denote by 
PM n ; the same way we denote further M 0i o,n simply by M n . 

The group PM n is closely related to the pure braid group P n {S 2 ) on the 2-sphere as well as 
its non-pure analogue M n is related with the (total) braid group B n (S 2 ) on the 2-sphere. 

W. Magnus obtained in [18] (see also [19]) a presentation of the mapping class group M n for 
the n-punctured 2-sphere. It has the same generators as B n (S 2 ) and a complete set of relations 
consists of (12. 2p . (I2.4p and the following relation 

(2.6) ( ( 7 1 (7 2 ... ( 7 n _ 2( 7 n _ 1 ) n = l. 

This defines an epimorphism 

7 : B n (S 2 ) -> M n . 

For the generators <Ti, 02, . . . , cr n -2, o"n-i, subject to the braid relations (12.21) the condition 
(12.61) is equivalent to the following relation 

A 2 = l. 

Using Theorem 12.11 we have the following morphism of fibrations 

F(D 2 n { Pl ,p 2 }, 7i-2) F(D 2 , n) -A F(D 2 , 2) 

(2.7) 

F(S 2 s W 2 ,P3},n - 2) F(5 2 ,n + 1) S F(S 2 ,3), 

where the vertical lines are induced by an inclusion of a disc into the sphere. Let us denote by 
P n (S 2 ) the pure braid group on n strands of a 2-sphere with three points deleted or equivalently 
the subgroup of the pure braid group on n + 2 strands of a disc where (say, the last) two 
strands are fixed as trivial (unbraided) strands which is also equal to the fundamental group of 
F(S 2 s {Pi,P2,Ps},n). 

The following statement follows from the normal forms of the groups P n (S 2 ) and PM n given 
in [TD] and on the geometrical level it follows from diagram ( 12. 7p and it was expressed in [11]. 
Note that the groups P2(S 2 ) and FM 3 are trivial. 
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Theorem 2.2. (i) The pure braid group on a 2-sphere P n (S 2 ) forn > 3 is isomorphic to the 
direct product of the cyclic group C 2 of order 2 (generated by A 2 ) and PM n . 

(ii) The pure braid group P n for n > 2 is isomorphic to the direct product of the infinite 
cyclic group C ( generated by A 2 ) and PM n+1 . 

(Hi) The groups PM n and P n _ 3 (S 2 ) are isomorphic for n > 4. 

(iv) There is a commutative diagram of groups and homomorphisms 



P„ 



PM n+l x C 



{21 



Pv 



5 x p 



P n (S 2 )=PM n xC 2 , 



where p p is the canonical epimorphism P n — > P n (S 2 ), 5 is induced by the Fadell-Neuwirth 
fibration via the isomorphism of item (Hi) and p is the canonical epimorphism of the infinite 
cyclic group onto the cyclic group of order 2. 

The isomorphism of the part (i) of Theorem 12.21 is compatible with the homomorphisms 
Pi : P n (S 2 ) — > P n -i(S 2 ) and prrii : PM n — > PM n _i consisting of deleting of one strand or 
forgetting one point, that means that the following diagram is commutative 

P n (S 2 )^ PM n xC 2 



Pi 



pirii x id 



Pn-^S 2 ) =PA4_! X C 2 . 



3. Lie algebras from descending central series of groups 

Lie algebras obtained from the filtration of descending central series of the pure braid groups 
are essential ingredients in the construction of the universal Vassiliev invariant. We describe 
such Lie algebras for the groups P n (S 2 ) and VA4o,n in this section. We will use them in the 
next section in our construction of universal invariant. 

For a group G the descending central series 

G = T 1 >T 2 > ■■■>T l > T i+1 > .... 

is defined by the formula 

Ti = G, Ti + i = [Ti,G\. 
This series of groups gives rise to the associated graded Lie algebra (over Z) gr^iG) 

9 4(G) = ryr i+1 . 

A presentation of the Lie algebra gr^iPn) for the pure braid group was done in the work 
of T. Kohno [IB] , and can be described as follows. It is the quotient of the free Lie algebra 
1 < * < j < n] generated by elements A^j with 1 < % < j < n modulo the "infinitesimal 
braid relations" or "horizontal 4T relations" given as follows: 



6 



KAABI AND VERSHININ 



(3.1] 



[A lJ ,A s , t \ = o, if {i,j}n{s,t} = 4 

[Aij, A i>k + A jtk ) = 0, if i < j < k, 
[Aij,, Ai d + A jik \ =0, if i < j < k. 



It is convenient sometimes to have conventions like (j2.5p . So let us introduce the generators 
Aij, 1 < i, j < n, not necessary i < j, by the formulae 



A 

A; 



3,1 



Aij for 1 < i < j < n, 
for all 1 < % < n. 



For this set of generators the defining relations (13.11) can be rewritten as follows 



(3.2) 



Aij = A jti for 1 < i,j < n, 

An = for 1 < i < n, 

[A id ,A att ] = 0, if {ij}n{s,t} = 0, 

[Aij, A it k + Aj t k] = for all different k. 



Y. Ihara in [H] gave a presentation of the Lie algebra gr^(P n (S 2 )) of the pure braid group 
of a sphere. It is the quotient of the free Lie algebra L[Bij \ 1 < i, j < n] generated by elements 
Bij with 1 < i, j < n modulo the following relations: 



(3.3) 



Bij = Bj t i for 1 < i, j < n, 
Bi^ = for 1 < i < n, 
[B id ,B a>t ] = 0, if {i,j}(l{s,t} 
YJj=i = ' for 1 < i < n. 



It is also a quotient algebra of the Lie algebra gr^(P n ): the relations of the last type in (13.21) 
are the consequences of the third and the forth type relations in (13. 3p . 
We shall use the following results which were proved in [17]. 

Theorem 3.1. (i) The graded Lie algebra gr^(PM n ) is the quotient of the free Lie algebra 
L[Bij \ 1 < i, j < n] modulo the following relations: 



(3.4) 



B; 



hi 



B, 



En— I sr~\i 
i=l Z-/j'=i+ 



Bj,i for 1 < i, j < n, 
for 1 < i < n, 

o, if{t,j}n{s,t} 

0, for 1 < i < n, 



l B i, 



0. 



(ii) The graded Lie algebra gr^(PM n ) is the quotient of the free Lie algebra L[B it j \ 1 < i,j < 
n — 1] generated by the elements B it j, 1 < i, j < n — 1, (smaller number of generators than in 
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(%)) modulo the following relations: 



(3.5) 



' Bij — Bj t i = for 1 < i, j < n — 1, 
B iti = for 1 < i < n - 1, 
[Aj,S.,t]=0> i/ {i,j}n{s,t} = 0, 
[Sij, B i)k + B jjk ] = for all different i,j, k, 



En— 2 sr-yn— 1 
v i=l Z—dj=i-\-l 



B; 



i -J 



0. 



Corollary 3.1. A presentation of the Lie algebra grr{P n {S 2 )) can be given with generators A^j 
with l<i<j<n — 1, modulo the following relations: 

{[Aij, A S:t ] = 0, i/ {i,j}n{s,t} = <j), 
[Aij, A it k + Aj t k] = for all different k, 
2(£r=i 2 E?iiA,)=o. 

So the element Y^l=i Ej=j+i °f order 2 generates the central sub-algebra in gr^ (P n (S 2 )). 

4. Universal Vassiliev invariants for M n and B n (S 2 ) 

This section is central in our work: the universal Vassiliev invariants for the groups P n (S 2 ) 
and VAio,n are constructed here. 

We sketch briefly the basic ideas of the theory of Vassiliev invariants for braids. For the 
classical braids (i.e. of a disc) it can be found, for example in |22j . 

Let A be an abelian group, then the group V of all maps (non necessary homomorphisms) 
from B n (S 2 ) to A is called the group of invariants of B n (S 2 ): 

V = M av (B n (S 2 ),A). 

If A is a commutative ring then V becomes an A-module. 
Let Z[B n (S 2 )} be the group ring of the group B n (S 2 ), then 

Map(B n (S 2 ),A) = Bom(Z[B n (S 2 )},A). 

where B.om(Z[B n (S 2 )], A) is an abelian group of homomorphisms of the group Z[B n (S 2 )] into 
the group A. 

We can enlarge an invariant v G V for singular braids using the rule 

v (singular crossing of z-th and i + 1 strands) = vipA — v (o^ 1 ). 

The elements — a^ 1 E Z[B n (S 2 )}, i = 1, ... ,n — 1, generate an ideal of the ring 7i[B n (S 2 )} 
which we denote by W; degrees of this ideal define a multiplicative filtration ( Vassiliev filtration) 
W m = $ m (Z[5 n (S' 2 )]). An invariants v G V is called of degree m if v(x) = for all x G 
$ m+1 (Z[i? n (5' 2 )]). So the group V m of invariants of degree m is defined as 

V m = Rom(Z[B n (S 2 )]/^ m+1 (Z[B n (S 2 )]), A). 

The advantage of braids is that this filtration can be characterized completely algebraically. 
Let S be a map from the symmetric group E n : 

S : E n -> B n (S 2 ) 
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which is a section of the canonical epimorphism B n (S 2 ) — > S n (12.11) . It is not a homomorphism 
which does not exist with such a condition. We can set up, for example, S(si) = <jj. A similar 
map 

Sm '■ E n — > M n 

is a section of the canonical epimorphism M n — > S n . 

Let / be the augmentation ideal of the group ring Z[P n (S 2 )]. The powers of / generate a 
filtration of the ring Z[P n (S 2 )} and hence of the ring Z[P n (S 2 )] <g> Z[£ n ] as we assume that 
elements of Z[£„] have zero filtration. The same filtration we have in Z[M n ]. 

Proposition 4.1. There is an isomorphism of abelian groups with filtration 

z[p n (s 2 )}^z[j: n } = z[B n (s% 

Z[PM„]®Z[E n ] = Z[M n ], 

which are induced by the canonical inclusions of the pure groups and the maps S and Sm; the 
rings Z[B n (S 2 )] and Z[M n ] are equipped with Vassiliev filtration. 

□ 

Let c be the generator of the infinite cyclic group C and let Z[C] be the group ring of C. We 
denote by C<i the cyclic group of the order 2 with the generator a, ZfC^] is the group ring of 
C2 and we define the homomorphism 

p:Z[C\ ->Z[C 2 ], 

by the formula 

p(c) = a. 

Proposition 4.2. There are isomorphisms of rings 

Z[P n ]=Z[PM n+l ]®Z[C}, 

Z[P n (S 2 )]^Z[PM n ]®Z[C 2 ], 
which can be included into the following commutative diagram 

Z[P n ]= Z[PM n+1 ] ® Z[C] 

Pp 

Z[P n (S 2 )} =Z[PM n }®Z[C 2 ], 

where the morphisms p p and 5 in the diagram are induced by the corresponding morphisms of 
the diagram k2. 8\) . 

Proof. It follows from Theorem 12.21 □ 
Proposition 4.3. The intersections of Vassiliev filtration for Z[B n (S 2 )} and Z[M n ] are trivial 

p| ^ m {Z[B n {S 2 )]) = 0, p $ m (Z[M n ]) = 0. 

m>0 m>0 

The groups $ m (Z[M ri ])/$ m+1 (Z[M„]) are torsion free. The group PM n is residually torsion 
free nilpotent, the group P n (S 2 ) is residually nilpotent. 
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Proof. Proposition 14.11 reduces the question to the J-adic filtration of Z[FM„] and Z[P n (S 2 )}. 
In the case of Z[PM n ] the situation is the same as for the pure braid group of a disc, PM n is 
a subgroup of P n -i (cf Theorem 12. 2p and hence it is residually torsion free nilpotent. For the 
group ring Z[P n (S 2 )] because of its structure as the tensor product (Proposition I4.2[) we have 
an isomorphism 

I m (Z[P n (S 2 )]) S Im(©£L a I m -\nPM n ]) ® I k (Z[C 2 }) Z[P n (S 2 )}), 

where Im denotes as usual the image of the map given in parentheses. This group ring can be 
also presented as an abelian group as the following direct sum 

(4.1) nP n (S 2 )} = Z[PM n ] © Z[PM n }{(a - 1)} 

where by a we denoted the generator of cyclic group C 2 of order 2. For an element z £ Z[PM n ] 
let 

z = y^wA. 

i 

be a decomposition of z with respect to the base of the free abelian group Z\PM n \ Let the 
greatest common divisor of the set of numbers {rii} be equal to 2 k n where n is coprime with 2. 
Let v(z) be the order function (see [31 chapter III, § 2.2], for example) of the J-adic filtration 
on Z[PM n ] then the order function v 2 (z) of the J-adic filtration on the second summand in the 
right hand part of formula (14.11) is given as follows 

v 2 {z(a- 1)) = v(z) + k + 1. 

The intersection HfeLo ^ k {^\p2\) ls trivial, the group Z[PM n ] is residually torsion free nilpotent, 
so 

oo 

f]l k (Z[P n (S 2 )]) = 0. 

k=0 

We remind that integral dimension subgroups (for the group P n (S 2 )) are defined by the formula 

D m (P n (S 2 )) = p n (S 2 )n(i + i m ), 

where the intersection is taken in Z[P n (S 2 )}. Hence the intersection of D m (P n (S 2 ) is trivial the 
group P n (S 2 ) is residually nilpotent (of course not residually torsion free nilpotent); the last 
fact can be also seen directly. □ 

The filtered algebra V n is defined as the universal enveloping algebra of the Lie algebra 
gr^(P n ) for the standard pure braid group 

V n = U(gr* r (P n )). 

Its completion V n is the target of the universal Vassiliev invariant for the pure braids [22] 

fJL : Z[P n ] -)• Vn. 

Let VM. n be the universal enveloping algebra of the Lie algebra gr^(PM n ); so as an associative 
algebra it has the generators which are in one-to-one correspondence with the generators B^j of 
gr^(PM n ), say it will be Xij, 1 < i, j < n, which satisfy the associative form of relations (13. 5p . 
Also we denote by V n (S 2 ) the universal enveloping algebra of the Lie algebra grp(P n (S 2 )) . 

As usual one can define a Hausdorff filtration (intersection is zero) on VM n and on? n (S 2 ) by 
giving a degree 1 to each generator x^j. The canonical epimorphism of groups p p : P n — > P n (S 2 ) 
induces an epimorphism of filtered algebras 

Pa:Vn^ V n (S 2 ). 
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We denote by VAi n the completion of VM. n with respect to the topology, defined by this 
filtration. The same way V n (S 2 ) is the completion of V n (S 2 ). The algebra VM. n can be also 
described as an algebra of non-commutative power series of Xij factorized by the closed ideal 
generated by the left hand sides of relations ( 13. 5p . 

Let A be an associative algebra with unit such that as an abelian group it is isomorphic to 
the direct sum of integers and 2-adic numbers Z © Z 2 . We denote the generator of the first 
summand by 1 and the generator of the second summand by x. The multiplication in A is 
given by the rule 



This algebra is filtered as follows $° 
We define the homomorphisms 



x = —2x. 

A, $ 1 = Z 2 , $ m is generated by 2 m x, for m = 2, 3 



by the formulae 
(4.2) 



a : Z[C 2 )] -> A, 
X :Z[C]->Z[[y]], 
: Z[[y]] -> A 

a(a) = l + x, x(c) = l + y, p(y) = x. 



Proposition 4.4. The homomorphisms of rings a and \ respect the filtration and induce a 
multiplicative isomorphism at the associated graded level. They fit in the following commutative 
diagram of homomorphisms of rings. 



Z[C) 



P 



Z[C 2 



X 



z 







a 



A. 



Proof. It suffices to verify that 

(a - l) 2 = a 2 - 2a + 1 = 2 - 2a = -2(a - 1) 



□ 



Proposition 4.5. There are isomorphisms of filtered rings 

V n ^VM n+1 ®Z[[y)}, 
V n (S 2 ) VM n ®X 

which can be included into the following commutative diagram of filtered ring homomorphisms 



V n (S 2 



5®(3 



VM n ®A, 



where the morphisms p~ a and 5 in the diagram are induced by the corresponding morphisms of 
the diagram A2.8\) . 
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Proof. The statements follow from the facts about the direct product of the Lie algebras similar 
to Theorem E21 □ 

The map 

re : Z[PM n ] ->■ VM n 

can be defined following the same steps as the definition of the universal Vassiliev invariant in 
[22J. However it is more simple to use the universal invariant from [221 Theorem 1.1] and define 
re as the following composition 

Z[PM n+1 ] -> Z[P n ] VMn+i, 

where the first map is the canonical inclusion and the last one is the canonical projection. We 
can also reason inversely: at first construct re, then define the map re <g> \ as the composition 

Z[PM n+1 ] ® Z[C] ^ VMZ +1 ®Z[[y]] p£Wi®Z[[j/]], 
where the last map is the completion, and then define /i using the following diagram 

Z[P n ] =Z[PM n+1 ] ® Z[C] 



(4.3) 



re (g) x 



The map defined by (14. 3 p is a universal Vassiliev invariant for the classical braids, though it 
may not coincide with the map constructed in [22] which is not unique. 

Theorem 4.1. The map 

re : Z\PM n \ -> PA4 n 

respects the filtration and induces a multiplicative isomorphism at the associated graded level. 

Proof. Two proofs can be done. The first one is to follow the steps of the proof of the same 
fact for the classical pure braid groups [22]; this is possible because the group PM n has the 
similar structure as P n : it is an iterated semi-direct product of free groups pH]. In particular 
the algebra VM. n has no torsion and the Quillen map [23] 

(4.4) VM n -> gr}Z[PM n ] 

to the graded object associated to the 7-adic filtration of the ring Z[PM n ] becomes an isomor- 
phism with gr*(re) as its inverse. Another proof is to apply the fact that P n is the product of 
PM n with the infinite cyclic group generated by the center of P n , and then use Proposition 14.21 
and diagram ( 14. 3ft . □ 

We define the map 

A : Z[P n (S 2 )] -+ V n {S 2 ) 

using the following diagram 

Z[PM n ]®Z[C 2 }=Z{P n (S 2 )} 
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Theorem 4.2. The map 

A : Z[P n (S 2 )] V n (S 2 ) 

respects the filtration, induces a multiplicative isomorphism at the associated graded level and 
fits in the following diagram of filtered rings 



Z[P n 



Pp 



(4.6) 



A 



Pa 



V n {S 2 



Proof. The maps k and a respect the filtration and induce a multiplicative isomorphism at the 
associated graded level, so this is true for k ® a. We continue diagram H4.3[) 

Z[P n } = Z[PM n+1 ] ® Z[C] Z[PM n ] ® Z[C 2 }^ Z[P n (S 2 )} 



P 



V n = VM n+1 ®Z[[y\] 
Its outer frame is diagram ( 14.61 ). 



5®(5 



k<3 a 



VM n ®A 



A 

Vn{S 2 ) 



□ 



The symmetric group S ra acts on the algebras VA4 n and V n {S 2 ) by the action on the indices 



of x 



This action preserves the defining relations (I3.5P and (I3.3p . We define the following filtered 
algebras as the semi-direct products with respect to the given action: 



(4.7) 



M n = VM n x Z[E n ], 



(4.8) B n {S 2 )=V n {S 2 )xZ[T, n \. 

According to the Markov normal form for B n (S 2 ) proved by R. Gillet and J. Van Buskirk in 
[TO] every element b of B(S 2 ) can be written uniquely in the form 

b = qS(p), 

where q G P n (S 2 ) and p is the permutation defined by the braid b. We define the map 

K : Z[B n (S 2 )} ^(S 2 ) 

by the formula 

(4.9) K(b) = X(q)(S)p. 
The map 

K M : Z[M n ] -> M n 
is defined similarly using k instead of A in ( 14. 9ft . 
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Theorem 4.3. The homomorphisms of abelian groups 

K M : Z[M n ] -> M n , 

K:Z[B n {S 2 )]^Bn{S 2 ) 

are injections, they respect the filtration, induce a multiplicative isomorphisms at the associated 
graded level and fit in the following diagram of filtered rings 



Z[B n (S 2 )] 



K 



Pv 



Z[M n 



K 



M 



B n {S 2 



Pa 



M n , 



which leads to the following diagram with isomorphisms 



Z[B n {S 2 )} Z[M n ] ® Z[C 2 



(4.10) 



K 



K M ®ot 



B n {S 2 



M n ®A. 



Proof. It follows from Proposition 14.11 Theorem 14.21 and definitions (I4.7I - H~9]) . Note that maps 
k and A that are involved in the definition of K and Km are related by diagram (14. 5p . The 
injectivity follows from Proposition 14.31 □ 

Corollary 4.1. The groups Z[M n ]/$ m (Z[M n ]) and M n /Q m {M n ) are isomorphic and are tor- 
sion free. There are also isomorphisms of abelian groups. 

(4.11) Z[B n (S 2 )]/$ m+1 (Z[B n (S 2 )]) * £(S 2 )/$ m+1 (£(5 2 )) S 

m— 1 

(A^/$ m+1 (A^)) © (0 ^Mny^iMn) ® Z/2 m ~*). 

i=0 

Proof. The groups Z[M„]/$ m (Z[M„]) and M n j $ m (M n ) are subgroups of corresponding groups 
for the pure braid groups of a disc, so they are finitely generated free abelian groups. Isomor- 
phisms follow from the diagrams like (14. 3p . Last isomorphism of formula (14. lip follows from 
the bottom isomorphism of the formula (14.101) . Namely, A = Z © Z 2 , so 

M n ® A = M n © M n ® Z 2 

and hence 

(M n ®A)/<$> m+ \M n ®A) = {M n /^ n+1 (M n )) © ((M n ®Z 2 )/$ m+1 (M n ®Z 2 )). 

The quotient group M n /^ m (M n ) is a free abelian finitely generated group, so we choose its 
finite basis {g^k}, such that g i>k G ¥{M n ). Then every element of (Mn®Z 2 )/^ m+1 (Mn®Z 2 ) 
can be written in the form 

i+j<m 
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where cti^j can be equal to or 1. As we have 

2 m - l (g hk ® x) = g hk ® 2 m -*x e $ w+1 (A? n g Z 2 ) 

the last isomorphism in (14.111) follows. □ 

Corollary 4.2. There exist two elements in B n (S 2 ) which are not distinguished by any Vassiliev 
invariant to an abelian group without 2-torsion. For any couple of elements a ^ b of B n (S 2 ) 
there exists a natural number k and Vassiliev invariant v to an abelian group A with an element 
of order 2 k such that v distinguish a and b: 

v(a) 7^ v(b). 



M. Eisermann in [5J E] gave an example of a couple of elements in B n (S 2 ) which are not 
distinguished by Vassiliev invariants to an abelian group without 2-torsion. These elements 
are: the trivial braid that represents the unit in the braid group B n (S 2 ) and the braid r = 
(o\o<i . . . a n -2cr n -i) n (cf. (12.61) ). In the context of isomorphisms of Propositions 14.11 and 14.21 
these elements correspond to element 1 and a in Z[PM„]. By the formulae f!4.2[) a maps to 
1+x G A. The difference between 1 and 1+x is equal to x and according to (14.111) x corresponds 
to a generator of Z/2 fc in Z[B n (S 2 )]/$ m+1 (Z[B n (S 2 )])2. So it is mapped to by any map to 
an abelian group without 2-torsion. 

5. Examples 

1. n — 4. The pure braid group P^(S 2 ) of a 2-sphere is isomorphic to the direct product 
of the cyclic group of order 2 (generated by A 2 ) and the pure braid group on one strand of a 
2-sphere with three points deleted, it is the fundamental group of disc with two points deleted, 
that is a free group F 2 on two generators. Its associated graded Lie algebra is a direct sum of 
central Z/2 and the free Lie algebra on two generators. The pure mapping class group PM4 is 
isomorphic to a free group on two generators. According to Theorem 13.11 its associated graded 
Lie algebra is the free Lie algebra on two generators. The universal Vassiliev invariant for PM 4 
is nothing but Magnus expansion Z[F 2 ] ^ Z{{xx,x 2 )) and the universal invariant for P^S 2 ) is 

Z[F 2 ] ® Z[C 2 ] ^ Z{{x u x 2 ))®A. 

2. n = 5. The pure mapping class group PM 5 is isomorphic to a semi-direct product of a 
free group on three generators and a free group on two generators. 

PM 5 = F{a lj2 ,a lj3 ,a 1>4 ) x F(a 2 , 3 , ^2,4)- 

We write every element of PM 5 in the Markov normal form 

f 3 f 2 , where / 3 e F(a h2 ,ai t3 ,a 1A ), f 2 6 F(a 2j3 , a 2 ,±) 

and we define the universal invariant /1 : PM5 — > by the formula 

where /x 3 and \i 2 are defined as follows 

/i 3 (a ltj ) = 1 + B hj , j = 2,3,4, 
V-2{ai,k) = 1 + B 2>k , k = 3,4. 
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